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The energy conditions and the Dolgov–Kawasaki criterion in generalized f (R) gravity with arbitrary
coupling between matter and geometry are derived in this Letter, which are quite general and can de-
generate to the well-known energy conditions in GR and f (R) gravity with non-minimal coupling and
non-coupling as special cases. In order to get some insight on the meaning of these energy conditions
and the Dolgov–Kawasaki criterion, we apply them to a class of models in the FRW cosmology and give
some corresponding results.
Crown Copyright © 2010 Published by Elsevier B.V. Open access under CC BY license. 1. Introduction
Recent astrophysical observations [1,2] have indicated that the
expansion of our Universe is accelerating at the present time. In
principle, this phenomenon can be explained by either dark energy
(see, for instance, Ref. [3] for reviews), in which the reason of this
phenomenon is due to an exotic component with large negative
pressure, or modiﬁed theories of gravity [4]. Unfortunately, up to
now a satisfactory answer to the question that what dark energy
is and where it came from has not yet to be obtained. Alternative
to dark energy, modiﬁed theories of gravity is extremely attractive
because the cosmic speed-up can be easily explained by the fact
that some sub-dominant terms, like 1/R , may become essential at
small curvature. Under some additional conditions, the early-time
inﬂation and late-time acceleration can be uniﬁed by different role
of gravitational terms relevant at small and at large curvature.
f (R) gravity is one of the competitive candidates in modiﬁed
theories of gravity (see, for instance, Refs. [5,6] for reviews). Here
f (R) is an arbitrary function of the Ricci scalar R . One can add
any form of R in it, such as 1/R [7], ln R [8], positive and nega-
tive powers of R [9], Gauss–Bonnet invariant [10], etc. It is worth
stressing that considering some additional conditions, the early-
time inﬂation and late-time acceleration can be uniﬁed by different
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However, f (R) gravity is not perfect because of containing a num-
ber of instabilities. For instance, the theory with 1/R may develop
the instability [22]. But by adding a term of R2 to this speciﬁc
f (R) model, one can remove this instability [8,9]. For more gen-
eral forms of f (R), the stability condition f ′′  0 can be used to
test f (R) gravity models [25].
This Letter is organized as follows. In Section 2, we give some
fundamental elements of generalized f (R) gravity models with ar-
bitrary matter–geometry coupling. In Section 3, the well-known
energy conditions, namely, the strong energy condition (SEC), the
null energy condition (NEC), the weak energy condition (WEC)
and the dominant energy condition (DEC), in the generalized f (R)
gravity models, will be derived. In order to get some insight on the
meaning of these energy conditions, we apply them to a class of
models. Furthermore we rewritten them in terms of parameters of
the deceleration (q), the jerk ( j) and the snap (s) and then use the
rewritten WEC to restrict a special f (R) model. The instability of
generalized f (R) gravity models with arbitrary matter–geometry
coupling will be studied in Section 4. Last section contains our
summary.
2. Generalized f (R) gravity models with arbitrary
matter–geometry coupling
A more general model of f (R) gravity, in which the coupling
style between matter and geometry is arbitrary and the Lagrangianense. 
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posed in Ref. [11]. Its starting action is
S =
∫ [
1
2
f1(R) + G(Lm) f2(R)
]√−g d4x, (1)
where we have chosen κ = 8πG = c = 1. f i(R) (i = 1,2) and
G(Lm) are arbitrary functions of the Ricci scalar R and the La-
grangian density of matter respectively. When f2(R) = 1 and
G(Lm) = Lm , we obtain the general form of f (R) gravity with non-
coupling between matter and geometry. Furthermore, by setting
f1(R) = R , action (1) can be reduced to the standard General Rel-
ativity (GR).
Varying the action (1) with respect to the metric gμν yields the
ﬁeld equations
F1(R)Rμν − 1
2
f1(R)gμν + (gμν− ∇μ∇ν)F1(R)
= −2G(Lm)F2(R)Rμν − 2(gμν− ∇μ∇ν)G(Lm)F2(R)
− f2(R)
[
K (Lm)Lm − G(Lm)
]
gμν + f2(R)K (Lm)Tμν, (2)
where  = gμν∇μ∇ν , Fi(R) = dfi(R)/dR (i = 1,2) and K (Lm) =
dG(Lm)/dLm respectively. The energy–momentum tensor of matter
is deﬁned as:
Tμν = − 2√−g
δ(
√−g Lm)
δgμν
. (3)
In this class of models, the energy–momentum tensor of matter is
generally not conserved due to the appearance of an extra force
[12].
3. Energy conditions in the generalized f (R) gravity models
with arbitrary coupling between matter and geometry
3.1. The Raychaudhuri equation
Many models of f (R) gravity have been proposed, which can be
restricted by imposing the so-called energy conditions [13]. These
energy conditions were used in different contexts to derive general
results that hold for a variety of situations. Under these energy
conditions, one allows not only to establish gravity which remains
attractive, but also to keep the demands that the energy density is
positive and cannot ﬂow faster than light. Below, we simply review
the Raychaudhuri equation which is the physical origin of the NEC
and the SEC [14].
In the case of a congruence of timelike geodesics deﬁned by the
vector ﬁeld uμ , the Raychaudhuri equation is given by
dθ
dτ
= −1
3
θ2 − σμνσμν + ωμνωμν − Rμνuμuν, (4)
where Rμν , θ , σμν and ωμν are the Ricci tensor, the expansion pa-
rameter, the shear and the rotation associated with the congruence
respectively. While in the case of a congruence of null geodesics
deﬁned by the vector ﬁeld kμ , the Raychaudhuri equation is given
by
dθ
dτ
= −1
2
θ2 − σμνσμν + ωμνωμν − Rμνkμkν . (5)
From above expressions, it is clear that the Raychaudhuri equa-
tion is purely geometric and independent of the gravity theory.
In order to constrain the energy–momentum tensor by the Ray-
chaudhuri equation, one can use the Ricci tensor from the ﬁeld
equations of gravity to make a connection. Namely, through the
combination of the ﬁeld equations of gravity and the Raychaud-
huri equation, one can obtain physical conditions for the energy–
momentum tensor. Since σ 2 ≡ σμνσμν  0 (the shear is a spatialtensor) and ωμν = 0 (hypersurface orthogonal congruence), from
Eqs. (4) and (5), the conditions for gravity to remain attractive
(dθ/dτ < 0) are
Rμνu
μuν  0 SEC, (6)
Rμνk
μkν  0 NEC. (7)
Thus by means of the relationship (6) and Einstein’s equation,
one obtains
Rμνu
μuν =
(
Tμν − T
2
gμν
)
uμuν  0, (8)
where Tμν is the energy–momentum tensor and T is its trace. If
one considers a perfect ﬂuid with energy density ρ and pressure p,
Tμν = (ρ + p)UμUν − pgμν, (9)
the relationship (8) turns into the well-known SEC of Einstein’s
theory, i.e.,
ρ + 3p  0. (10)
Similarly, by using the relationship (7) and Einstein’s equation,
one has
Tμνk
μkν  0. (11)
Then considering Eq. (9), the familiar NEC of general relativity can
be reproduced as:
ρ + p  0. (12)
3.2. Energy conditions
The Einstein tensor resulting from the ﬁeld equations (2) is
Gμν ≡ Rμν − 1
2
gμν R = T effμν, (13)
where the effective energy–momentum tensor T effμν is deﬁned as
follows:
T effμν = 1f ′1 + 2G f ′2
{
1
2
gμν
[
f1 −
(
f ′1 + 2G f ′2
)
R
]
− (gμν− ∇μ∇ν) f ′1 − 2(gμν− ∇μ∇ν)G f ′2
− f2
(
G ′Lm − G
)
gμν + f2G ′Tμν
}
, (14)
where f i = f i(R) (i = 1,2), G = G(Lm) and the prime denotes dif-
ferentiation with respect to the Ricci scalar R and the Lagrangian
density Lm respectively. Contracting the above equation, we have
T eff = 1
f ′1 + 2G f ′2
{
2
[
f1 −
(
f ′1 + 2G f ′2
)
R
]− 3 f ′1
− 6G f ′2 − 4 f2
(
G ′Lm − G
)+ f2G ′T }, (15)
where T = gμν Tμν . Thus, we can write Rμν in terms of an effec-
tive stress–energy tensor and its trace, i.e.,
Rμν = T effμν − 12 gμνT
eff . (16)
In order to keep gravity attractive, besides the expressions (6)
and (7), the following additional condition should be required
f2G ′
f ′ + 2G f ′ > 0. (17)1 2
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the Raychaudhuri equation (i.e., the expressions (6) and (7)), and
only relates to an effective gravitational coupling.
The FRW metric is chosen as:
ds2 = dt2 − a2(t)ds23, (18)
where a(t) is the scale factor and ds23 contains the spacial part of
the metric. Using this metric, we can obtain R = −6(2H2 + H˙),
where H = a˙(t)/a(t) is the Hubble expansion parameter, and
Γ 0μν = a(t)a˙(t)δμν (μ,ν = 0) are the components of the aﬃne con-
nection.
By using the relationship (6) and Eq. (16), the SEC can be given
as:
T effμνu
μuν − 1
2
T eff  0, (19)
where we have used the condition gμνuμuν = 1. Taking the
energy–momentum tensor Tμν to be a perfect ﬂuid (i.e., Eq. (9))
and considering the condition (17), we obtain
ρ + 3p − 1
f2G ′
[
f1 −
(
f ′1 + 2G f ′2
)
R
]+ 3 f ′′1
f2G ′
(H R˙ + R¨)
+ 3 f
′′′
1
f2G ′
R˙2 + 6 1
f2G ′
(
G ′′ L˙2m f ′2 + L¨mG ′ f ′2 + 2 f ′′2 R˙G ′ L˙m
+ f ′′′2 R˙2G + f ′′2 R¨G
)+ 6 H
f2G ′
(
G ′ L˙m f ′2 + f ′′2 R˙G
)
+ 2
G ′
(
G ′Lm − G
)
 0, (20)
where the dot denotes differentiation with respect to cosmic time.
This is the SEC in f (R) gravity with arbitrary coupling between
matter and geometry.
The NEC in f (R) gravity with arbitrary coupling between mat-
ter and geometry can be expressed as:
T effμνk
μkν  0. (21)
By the same method as the SEC, the above relationship can be
changed into
ρ + p + (H R˙ + R¨) f
′′
1
f2G ′
+ f
′′′
1
f2G ′
R˙2
+ 2
f2G ′
(
G ′′ L˙2m f ′2 + L¨mG ′ f ′2 + 2 f ′′2 R˙G ′ L˙m + f ′′′2 R˙2G + f ′′2 R¨G
)
− 2H
f2G ′
(
G ′ L˙m f ′2 + f ′′2 R˙G
)
 0. (22)
From above discussions, it is worth stressing that by taking
G(Lm) = Lm and rescaling the function f2(R) as 1 + λ f2(R) in
expressions (20) and (22), we can obtain the SEC and the NEC
in f (R) gravity with non-minimal coupling between matter and
geometry, which are just the results given in Ref. [15]. While by
setting f2(R) = 1 and G(Lm) = Lm , we can derive the SEC and the
NEC in f (R) gravity with non-coupling, which are just the same as
the ones in Ref. [16]. Furthermore, when f1(R) = R , the SEC and
the NEC in general relativity, i.e., ρ + 3p  0 and ρ + p  0, can be
reproduced.
Note that the above expressions of the SEC and the NEC are
directly derived from Raychaudhuri equation. However, equivalent
results can be obtained by taking the transformations ρ → ρeff
and p → peff into ρ + 3p  0 and ρ + p  0. Thus by extending
this approach to ρ − p  0 and ρ  0, we will give the DEC and
the WEC in f (R) gravity with arbitrary coupling between matter
and geometry in the following.By means of Eqs. (14) and (18), the effective energy density and
the effective pressure can be derived as follows:
ρeff = 1
f ′1 + 2G f ′2
{
1
2
[
f1 −
(
f ′1 + 2G f ′2
)
R
]− 3H R˙ f ′′1
− 6H(G ′ L˙m f ′2 + f ′′2 R˙G)− f2(G ′Lm − G)+ f2G ′ρ
}
, (23)
peff = 1
f ′1 + 2G f ′2
{
−1
2
[
f1 −
(
f ′1 + 2G f ′2
)
R
]
+ (2H R˙ + R¨) f ′′1 + f ′′′1 R˙2 + 2
(
G ′′ L˙2m f ′2 + L¨mG ′ f ′2
+ 2 f ′′2 R˙G ′ L˙m + f ′′′2 R˙2G + f ′′2 R¨G
)
4H
(
G ′ L˙m f ′2 + f ′′2 R˙G
)
+ f2
(
G ′Lm − G
)+ f2G ′p
}
. (24)
Then, the corresponding DEC and WEC in f (R) gravity with arbi-
trary coupling can be respectively written as:
ρ − p + 1
f2G ′
[
f1 −
(
f ′1 + 2G f ′2
)
R
]− (5H R˙ + R¨) f ′′1
f2G ′
− f
′′′
1
f2G ′
R˙2
− 2
f2G ′
(
G ′′ L˙2m f ′2 + L¨mG ′ f ′2 + 2 f ′′2 R˙G ′ L˙m + f ′′′2 R˙2G + f ′′2 R¨G
)
− 10H
f2G ′
(
G ′ L˙m f ′2 + f ′′2 R˙G
)− 2
G ′
(
G ′Lm − G
)
 0, (25)
ρ + 1
2 f2G ′
[
f1 −
(
f ′1 + 2G f ′2
)
R
]− 3H R˙ f ′′1
f2G ′
− 6H 1
f2G ′
(
G ′ L˙m f ′2 + f ′′2 R˙G
)− 1
G ′
(
G ′Lm − G
)
 0. (26)
We show that by taking G(Lm) = Lm and rescaling the func-
tion f2(R) as 1 + λ f2(R), above expressions are the DEC and the
WEC in f (R) gravity with non-minimal coupling between matter
and geometry, which are just the same as the ones in Ref. [15].
While by setting f2(R) = 1 and G(Lm) = Lm , the results given by
us are the DEC and the WEC in f (R) gravity with non-coupling,
which are consistent with the results given in Ref. [16]. Further-
more, when f1(R) = R , the DEC and the WEC in general relativity,
i.e., ρ − p  0 and ρ  0, can be reproduced.
3.3. Energy conditions for a class of models
In order to get some insight on the meaning of the above en-
ergy conditions, we consider a speciﬁc type of models where f1(R)
and f2(R) are taken as
f1(R) = R + Rn,
f2(R) = αRm. (27)
In the FRW cosmology, the energy conditions can be written as
ˆ | R |n
αˆ|R|mG ′(Lm)
{
2αˆ
ˆ
[
G(Lm)Cm + A
]|R|m−n + Cn
}
 B, (28)
where A, B and Cm,n depend on the energy condition under study
and we take ˆ = (−1)n and αˆ = (−1)nα due to the fact that for
a FRW metric one has R < 0. For the SEC, one ﬁnds
ASEC = G ′(Lm)
[
Lm + 3mR−1(L¨m + HL˙m) + 6mL˙m R˙R−2(m − 1)
]
+ 3mL˙2mG ′′(Lm)R−1, (29a)
BSEC = −(ρ + 3p), (29b)
CSECn = (n − 1)
[
3R¨nR−2 + 1+ 3HnR−2 R˙ + 3nR−3 R˙2(n − 2)].
(29c)
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ANEC = [mL¨mG ′(Lm)R−1 − HmL˙mG ′(Lm)R−1
+ 2mL˙m R˙G ′(Lm)R−2(m − 1)
]+mL˙mG ′′(Lm)R−1, (30a)
BNEC = −(ρ + p), (30b)
CNECn = (n − 1)n
[
R¨ R−2 + HR−2 R˙ + R−3 R˙2(n − 2)]. (30c)
For the DEC, one has
ADEC = G ′(Lm)
[−Lm −mL¨mR−1 − 5HmL˙mR−1
+ (1−m)2mL˙m R˙R−2
]−mL˙2mG ′′(Lm)R−1, (31a)
BDEC = −(ρ − p), (31b)
CDECn = (1− n)
[
R¨nR−2 + 1+ 5HnR−2 R˙ + nR−3 R˙2(n − 2)].
(31c)
Finally, for the WEC, one gets
AWEC = −Lm − 6HmL˙mR−1, (32a)
BWEC = −ρ, (32b)
CWECn = (1− n)
(
1
2
+ 3HnR−2 R˙
)
. (32c)
Given these deﬁnitions, the study of all the energy conditions
can be performed by satisfying the inequality (28). Note that all
the energy conditions depend on the geometrical parameters. It
means that for different models, the energy conditions can be sat-
isﬁed by choosing them properly.
For models given by Eq. (27), the condition for keeping grav-
ity attractive (GA), i.e. inequality (17), also can be obtained from
inequality (28) by taking
AGA = 1
2αˆ
|R|−m, (33a)
BGA = 0, (33b)
CGAn = nR−1. (33c)
This means that inequality (28) also stands for the condition that
ensures gravity remains attractive for models given by Eq. (27).
In the following, we use energy conditions to restrict a special
f (R) model also in the FRW cosmology. The Ricci scalar R and its
derivatives can be expressed by the parameters of the deceleration
(q), the jerk ( j) and the snap (s) [17], namely,
R = −6H2(1− q), (34a)
R˙ = −6H3( j − q − 2), (34b)
R¨ = −6H4(s + q2 + 8q + 6), (34c)
where
q = − 1
H2
a¨
a
, j = 1
H3
...
a
a
, and s = 1
H4
....
a
a
. (35)
Thus, the energy conditions (20), (22), (25) and (26) can be rewrit-
ten as:
ρ + 3p − 1
f2G ′
[
f1 + 6H2
(
f ′1 + 2G f ′2
)
(1− q)]
− 18 f
′′
1
f2G ′
H4
(
j + s + q2 + 7q + 4)+ 108 f ′′′1
f2G ′
H6( j − q − 2)2
+ 6 1 ′
[
G ′′ L˙2m f ′2 + L¨mG ′ f ′2 − 12 f ′′2 H3( j − q − 2)G ′ L˙mf2G+ 36 f ′′′2 H6( j − q − 2)2G − 6 f ′′2 H4
(
s + q2 + 8q + 6)G]
+ 6 H
f2G ′
[
G ′ L˙m f ′2 − 6 f ′′2 H3( j − q − 2)G
]
+ 2
G ′
(
G ′Lm − G
)
 0, (SEC) (36a)
ρ + p − 6H4( j + s + q2 + 7q + 4) f ′′1
f2G ′
+ 36 f
′′′
1
f2G ′
H6( j − q − 2)2
+ 2
f2G ′
[
G ′′ L˙2m f ′2 + L¨mG ′ f ′2 − 12 f ′′2 H3( j − q − 2)G ′ L˙m
+ 36 f ′′′2 H6( j − q − 2)2G − 6 f ′′2 H4
(
s + q2 + 8q + 6)G]
− 2H
f2G ′
[
G ′ L˙m f ′2 − 6 f ′′2 H3( j − q − 2)G
]
 0, (NEC) (36b)
ρ − p + 1
f2G ′
[
f1 + 6H2
(
f ′1 + 2G f ′2
)
(1− q)]
+ 6H4(5 j + s + q2 + 3q − 4) f ′′1
f2G ′
− 36 f
′′′
1
f2G ′
H6( j − q − 2)2 − 2
f2G ′
[
G ′′ L˙2m f ′2 + L¨mG ′ f ′2
− 12 f ′′2 H3( j − q − 2)G ′ L˙m + 36 f ′′′2 H6( j − q − 2)2G
− 6 f ′′2 H4
(
s + q2 + 8q + 6)G]
− 10H
f2G ′
[
G ′ L˙m f ′2 − 6 f ′′2 H3( j − q − 2)G
]
− 2
G ′
(
G ′Lm − G
)
 0, (DEC) (36c)
ρ + 1
2 f2G ′
[
f1 + 6H2
(
f ′1 + 2G f ′2
)
(1− q)]
+ 18H4( j − q − 2) f
′′
1
f2G ′
− 6H 1
f2G ′
[
G ′ L˙m f ′2 − 6 f ′′2 H3( j − q − 2)G
]
− 1
G ′
(
G ′Lm − G
)
 0. (WEC) (36d)
To exemplify how to use these energy conditions to constrain
the f (R) theories of gravity, we consider a special model with
f1(R) = R , f2(R) = αRn and G(Lm) = Lm = −ρ [18]. Since there
has been no reliable measurement for the snap parameter (s) up to
now, we only focus on the WEC. Under the requirement f ′(R) > 0
for all R and taking H0 = 70.5 [19], the WEC (36d) in this partic-
ular case is
0.3Bn2 − 0.3n(1+ B) + 1 0, (37)
where B = ( j − q − 2)/(1− q)2.
From the above expression, it is easy to see that the coeﬃcient
α is arbitrary and the value of the index n depends on B . Taking
q0 = −0.81±0.14 and j0 = 2.16+0.81−0.75 [20] (the subscript 0 denotes
the present value), we can give the present range of B is 0.03 
B0  0.5. By calculations and analysis, the results of the expression
(37) are as follows: when the real solution exists, the range of B is
either B  17−2
√
70
3 or B 
17+2√70
3 . Considering 0.03  B0  0.5,
we ﬁnd the range of B is 0.03  B  17−2
√
70
3 and the index n
are 7.36577 n+  30.716 and 3.61737 n−  5.26214. However,
when there is not any real solution, the range of B is 17−2
√
70
3 <
B  0.5 and the index n can be taken as any real number.
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and G(Lm) = Lm , the corresponding results to the WEC given by us
are just the same as the ones in Ref. [16].
4. The instability of generalized f (R) gravity models with
arbitrary matter–geometry coupling
Modiﬁed gravity must be stable at the classical and quantum
level. There are in principle several kinds of instabilities to con-
sider [21]. Dolgov–Kawasaki instability [22] is one of them. Below,
we will focus on this instability and generalize to f (R) gravity
models with arbitrary matter–geometry coupling.
The trace of the ﬁeld equation (2) is
R + 1
f ′1 + 2G f ′2
{
2
[
f1 −
(
f ′1 + 2G f ′2
)
R
]− 3 f ′1 − 6G f ′2
− 4 f2
(
G ′Lm − G
)}= −1
f ′1 + 2G f ′2
f2G
′T , (38)
where T = gμν Tμν . As usual, we take f1(R) as f1(R) = R +ϕ(R),
where  must be small to compatibility with Solar System exper-
iment [23]. Following [22], we expand the space–time quantities
of interest as the sum of a background with constant curvature
and a small perturbation: R = R0 + R1, T = T0 + T1, L = L0 + L1,
and the space–time metric can locally be approximated by gμν =
ημν + hμν , where ημν is the Minkowski metric. In fact, this is
a local expansion over small space–time regions that are locally
ﬂat. Accordingly, f1(R) = R0 + R1 + ϕ(R0) + ϕ′(R0)R1 + · · ·,
f ′1(R) = 1 + ϕ′(R0) + ϕ′′(R0)R1 + · · · and the linearized version
of the trace equation (38) in the perturbations yields
[
6G(Lm) f
′′
2 (R0) + 3ϕ′′(R0)
]
R¨1 − 3ϕ′′(R0)∇2R1
+ [12L˙0G ′(Lm) f ′′2 (R0) + 12L˙1G ′(Lm) f ′′2 (R0)
+ 12G(Lm)R˙0 f ′′′2 (R0) + 6 R˙0ϕ′′′(R0)
]
R˙1
− 6ϕ′′′(R0) 	∇R1 · 	∇R0 −
[
1− 2G(Lm) f ′2(R0) + ϕ′(R0)
− R0ϕ′′(R0) − 3R¨0ϕ′′′(R0) + 3ϕ′′′(R0)∇2R0
]
R1
= 6 f ′2(R0)∇2G(Lm) − f2(R0)(4L1 − T1)G ′(Lm)
− 6(L¨0 + L¨1) f ′2(R0)G ′(Lm)
− [6G(Lm) f ′′2 (R0) + 3ϕ′′(R0)]R¨0
− 12(L˙0 + L˙1)R˙0G ′(Lm) f ′′2 (R0) − 12L˙0 L˙1 f ′2(R0)G ′′(Lm)
+ 3ϕ′′(R0)∇2R0, (39)
where 	∇ , ∇2 and overdot denote the gradient, Laplacian operators
in Euclidean three-dimensional space and differentiation with re-
spect to time, respectively, and the zero order equation
f2(R0)T0G
′(Lm)
= −4 f2(R0)G(Lm) − 2ϕ(R0) + 4G(Lm)R0 f ′2(R0)
+ 4 f2(R0)L0G ′(Lm) + 2R0ϕ′(R0) − R0
− 2G(Lm)R0 f ′2(R0) − R0ϕ′(R0) (40)
has been used. By further calculation, the effective mass meff of
the dynamical degree of freedom R1 can be given as
m2eff =
[
6G(Lm) f
′′
2 (R0) + 3ϕ′′(R0)
]−1[
2G(Lm) f
′
2(R0) − 1
− ϕ′(R0) + R0ϕ′′(R0) + 3R¨0ϕ′′′(R0)
− 3ϕ′′′(R0)∇2R0
]
. (41)The dominant term on the right-hand side is [6G(Lm) f ′′2 (R0) +
3ϕ′′(R0)]−1 and the effective mass squared must be non-negative
for stability. Therefore, f ′′1 (R) + 2G(Lm) f ′′2 (R)  0 is the stability
criterion for the generalized f (R) gravity models with arbitrary
matter–geometry coupling against Dolgov–Kawasaki instabilities.
Note that by taking G(Lm) = Lm and rescaling the function
f2(R) as 1 + λ f2(R), this criterion is the Dolgov–Kawasaki crite-
rion in f (R) gravity with non-minimal coupling between matter
and geometry, which is just the same as the one in Ref. [24]. While
by setting f2(R) = 1 and G(Lm) = Lm , the results given by us is
the Dolgov–Kawasaki criterion in f (R) gravity with non-coupling,
which is consistent with the results given in Ref. [25].
For models given by Eq. (27), the Dolgov–Kawasaki criterion is
ˆn(n − 1)Rn + 2G(Lm)αˆm(m − 1)Rm  0 (42)
where
ˆ =
{
(−1)n, if R < 0,
, if R > 0,
αˆ =
{
(−1)nα, if R < 0,
α, if R > 0.
(43)
It is clear that the stability criterion of these models don’t relate
to the values of j and s, and the space–time only depends on R .
When n =m the inequality (42) gives,  + 2G(Lm)α  0.
It is worth stressing that the inequality (42) also can be ob-
tained from the inequality (28) by taking
ADK = 0, (44a)
BDK = 0, (44b)
CDKn = n(n − 1)αˆ|R|mG ′(Lm). (44c)
From the above discussions, we ﬁnd that for models given by
Eq. (27), the energy conditions, the Dolgov–Kawasaki criterion and
the condition for attractive gravity have the same type of inequal-
ities, but note that they are independent each other.
From the inequality (42), we see that the viability of the model
with respect to the Dolgov–Kawasaki instability criterion will de-
pend not only on the value of the constants  and α, but also on
the space–time metric under consideration. This fact will give fur-
ther constraints on the Ricci scalar.
5. Summary
So far, we have derived the energy conditions (SEC, NEC, DEC,
WEC) in the generalized f (R) gravity models with arbitrary cou-
pling between matter and geometry. For the SEC and the NEC,
the Raychaudhuri equation, which is the physical origin of them,
has been used. From the derivation, we found that equivalent re-
sults can be obtained by taking the transformations ρ → ρeff and
p → peff into ρ + 3p  0 and ρ + p  0. Thus by extending this
approach to ρ − p  0 and ρ  0, the DEC and the WEC in the
generalized f (R) gravity models with arbitrary coupling between
matter and geometry can be obtained. The condition to keep grav-
ity attractive and the Dolgov–Kawasaki criterion in the generalized
f (R) gravity models have been also given, but the approaches of
deriving them are different.
It is worth noting that the energy conditions and the Dolgov–
Kawasaki criterion obtained in this Letter are quite general, which
include the corresponding results given in Refs. [15,16,24,25] as
well as in the general relativity (GR) as special cases.
Furthermore, in order to get some insight on the meaning of
these energy conditions and the Dolgov–Kawasaki criterion, we
have applied them to a class of models. In these models the en-
ergy conditions, the Dolgov–Kawasaki criterion and the condition
for attractive gravity have the same type of inequalities. By analy-
sis, we ﬁnd that the Dolgov–Kawasaki instability criterion depends
138 J. Wang et al. / Physics Letters B 689 (2010) 133–138not only on the value of the constants  and α but also on the
space–time metric under consideration.
In addition, we have considered the special model with f1(R) =
R , f2(R) = αRn and G(Lm) = Lm = −ρ . By virtue of the WEC and
the present astrophysical observations, the values of parameters α
and n can be constrained in this model. Of course, we will continue
to study other models of f (R) gravity with arbitrary coupling be-
tween matter and geometry in our following investigations.
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